Function of contractive factor Berinde-Berinde fixed point theorem Mizoguchi-Takahashi's fixed point theorem Nadler's fixed point theorem Banach contraction principle Several characterizations of MT -functions are first given in this paper. Applying the characterizations of MT -functions, we establish some existence theorems for coincidence point and fixed point in complete metric spaces. From these results, we can obtain new generalizations of Berinde-Berinde's fixed point theorem and Mizoguchi-Takahashi's fixed point theorem for nonlinear multivalued contractive maps. Our results generalize and improve some main results in the literature.
Theorem BCP (Banach contraction principle). Let (X, d) be a complete metric space and T : X → X be a self-map. Assume that there exists a nonnegative number γ < 1 such that d T (x), T (y) γ d(x, y) for all x, y ∈ X. Then T has a unique fixed point in X .
In 1969, Nadler [2] first gave a famous generalization of the Banach contraction principle for multivalued map. Since then a number of generalizations in various different directions of the Banach contraction principle and Nadler's fixed point theorem have been investigated by several authors; see [1, [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] and references therein.
Theorem NA (Nadler) . Let (X, d ) be a complete metric space and T : X → CB(X) be a k-contraction; that is, there exists a nonnegative number k < 1 such that
H(T x, T y) kd(x, y) for all x, y ∈ X.
Then F (T ) = ∅.
Let f be a real-valued function defined on R. 
ϕ(t)
It is quite obvious that if let L = 0 in Theorem BB, then we can obtain Mizoguchi-Takahashi's fixed point theorem [9] which is a partial answer of Problem 9 in Reich [10] .
Theorem MT (Mizoguchi and Takahashi) . Let (X, d) be a complete metric space, T : X → CB(X) be a multivalued map and
In fact, Mizoguchi-Takahashi's fixed point theorem is a generalization of Nadler's fixed point theorem, but its primitive proof in [9] is difficult. Another proof in [11] is not yet simple. Recently, Suzuki [10] gave a very simple proof of Theorem MT.
Several characterizations of MT -functions are first given in this paper. Applying the characterizations of MT -functions, we establish some existence theorems for coincidence point and fixed point in complete metric spaces. From these results, we can obtain new generalizations of Berinde-Berinde's fixed point theorem and Mizoguchi-Takahashi's fixed point theorem for nonlinear multivalued contractive maps. Our results generalize and improve some main results in [1-3,6-12].
Main results
In this section, we first give some characterizations of MT -functions. 
(iv) Let us prove "(e) ⇒ (f)". Suppose that (e) holds. Let {x n } n∈N be a nonincreasing sequence in [0, ∞). Then t 0 := lim n→∞ x n = inf n∈N x n 0 exists. By our hypothesis, there exist r t 0 ∈ [0, 1) and ε t 0 > 0 such that ϕ(s) r t 0 for all s ∈ [t 0 , t 0 + ε t 0 ). On the other hand, there exists ∈ N, such that
Assume that ϕ is a function of contractive factor. On the contrary, suppose that there existst ∈ [0, ∞) such that for each r ∈ [0, 1) and each > 0 there is s ∈ [t,t + ) with property ϕ(s) > r. So, for r 1 := ϕ(t) ∈ [0, 1) and for 1 := 1 > 0 it must exists s 1 ∈ [t,t + 1 ) with ϕ(s 1 ) > r 1 . The last inequality also implies that s 1 =t and thust < s 1 
Proof. Note first that for each x ∈ X , by (a), we have d(g y, T x) = 0 for all y ∈ T x. So, for each x ∈ X , by (b 1 ), we obtain
By (2), there exists
By induction, we can obtain the following: for each n ∈ N,
x n ∈ T x n−1 , and
Since κ(t) < 1 for all t ∈ [0, ∞), by (4), the sequence {ξ n } ∞ n=1 is strictly decreasing in [0, ∞). Since ϕ is an MT -function, by Theorem 2.1, 0 sup n∈N ϕ(ξ n ) < 1. Then it follows that
Thus it follows from (5) that
Since 0 < γ < 1, lim n→∞ α n = 0 and hence lim n→∞ sup{d(x n , x m ): m > n} = 0. This prove that {x n } is a Cauchy sequence in X . By the completeness of X , there exists v ∈ X such that x n → v as n → ∞. Since, by (3), x n+1 ∈ T x n , we have from (a) that gx n+1 ∈ T x n for each n ∈ N.
Since g is continuous and lim n→∞ x n = v, we have
Since the function x → d(x, T v) is continuous, we get from (b 1 ), (7), (8) and for n ∈ N with n 2). Thus {τ n } is convergent. Put v n = τ n e n for n ∈ N and let X = {v n } n∈N be a bounded and complete subset of ∞ . Then (X, d ∞ ) be a complete metric space and
Let T : X → CB(X) and g : X → X be defined by
respectively. Then the following hold.
(c) g is continuous on X .
Indeed, (a) and (b) are obviously true. To see (c), since
we prove that g is nonexpansive on X which implies that g is continuous on X .
n, if n 3.
Since lim sup s→t + ϕ(s) = 0 < 1 for all t ∈ [0, ∞), ϕ is an MT -function. We claim that
where H ∞ is the Hausdorff metric induced by d ∞ . In order to verify that T satisfies ( * ), we consider the following four possible cases:
Case 2. For any m 3, we have
Case 3. For any m 3, we obtain
Case 4. For any n 3 and m > n, we get
Hence, by Cases 1, 2, 3 and 4, we prove that T satisfies ( * ). Therefore, all the assumptions of Theorem 2.2 are satisfied. Applying Theorem 2.2, we also prove COP(g, v m ) for all m 3, so Mizoguchi-Takahashi's fixed point theorem is not applicable here.
As a direct consequence of Theorem 2.2, we obtain the following result. 
Thenh is a function from X into [0, 1]. In order to verify that T satisfies
we need to consider the following four possible cases:
Hence we know that T satisfies ( * * ). Applying Theorem 2.3, we have COP(g, T ) ∩ F (T ) = ∅. 
Applying Theorem 2.4 with L = 1, we obtain COP(g, T ) ∩ F (T ) = ∅. The following intersection theorem is also immediate from Theorem 2.2. 
Thenh is a function from X into [1, ∞) . Following a similar argument as in Example A, we can show that T satisfies
and COP(g, T ) ∩ F (T ) = ∅ follows from Theorem 2.5. 
Proof. Let g = id be the identity map. It is easy to verify that all the conditions of Theorem 2.2 are satisfied. Hence the conclusion follows from Theorem 2.2.
2 In particular, if there exists B ∈ [0, ∞) such that b(x) = B for all x ∈ X , then T is called a Berinde map [13, 15] . In [15] , Suzuki proved some new fixed point theorems for generalized Berinde maps with constants. He also gave an example illustrating that there exists a generalized Berinde map which is not a Berinde map; for more details, see [15] .
